General Relativity in the noncommutative spacetime of M 4 × Z2 × Z2 is constructed based on a new type of fermions in addition to the known chiral quark-leptons. While this theory has a finite physical spectrum, all the known interactions of Nature and Higgs fields can be derived from it as components of gravity with only four free parameters.
nonabelian gauge theory. The 5D gauge theory is reduced further to the 4D one of the electroweak coupled to a Higgs doublet with a quartic potential following ConnesLott's construction. The 5D Hilbert-Einstein action will reduced to the 4D one and the gauge theory of strong interaction.
Let us construct the generalized Hilbert-Einstein in this spacetime in more details. The noncommutative spacetime M 4 × Z 2 × Z 2 is the usual spacetime extended by two extra discrete dimensions, each having two points. Thus, one must add two more differential elements DX 5 and DX 6 to the usual 4D ones dx µ . This spacetime can also viewed as two copies of Connes-Lott's spacetime or four sheets of the ordinary spacetime. While the fifth dimension relates the chiral particles, the physical meaning of the sixth dimension will need more careful analysis to be clarified.
The basic building blocks of NCG in our four-sheeted noncommutative spacetime are the following spectral triplet:
i) The Hilbert space H = H v ⊕ H w is a direct sum of two Hilbert spaces H u = H u L ⊕ H u R ; u = v, w, which in turns are direct sums of the Hilbert spaces of left-handed and right-handed spinors. Thus the wave functions Ψ ∈ H can be represented as follows
The v-type chiral spinors will be identified as the usual quark-leptons, while the w-type ones are new matter fields.
ii) The algebra iii) The Dirac operator
where γ µ and γ 5 are the usual Dirac matrices, θ is a selfadjoint Clifford element θ 2 = 1, m 1 , m 2 are mass parameters. This Dirac operator will give physically meaningful coupling of gravity to chiral spinors as shown in Ref. [8] .
The partial derivatives ∂ 5 and ∂ 6 over the discrete dimension are defined as follows
where
The exterior derivative of a 0-form F is given in the following 4 × 4 matrix form
The generalized 1-forms are defined as follows
where U u 6 are 5D 2 × 2 matrix 0-forms and U u are 5D 2 × 2 1-form defined as follows
The module of 1-forms are spanned by the 4 × 4 Dirac matrices Γ P as follows
In order to avoid the "junk forms", we use the anticommutative wedge product of 1-form defined as follows
A generalized 2-form S is spanned in this basis as follows
where S P Q are 0-forms. The generalized Cartan's structure equations are defined in a perfect parallelism with the ordinary ones.
where T E and R EF are the generalized torsion and curvature 2-forms, E E and Ω EF are the generalized vielbein and Levi-Civita connection 1-forms.
For our convenience, the following convention for the 6D, 5D and 4D flat and curved indexes is used
The basis elements E E of the locally flat reference frame are linear transformations of the curvilinear one DX P with the vielbein coefficients E P E (x) as follows
The generalized metric tensor can be introduced via the vielbein coefficients as follows
introduced as a direct generalization of the ordinary ones. With a generalized torsion free condition [5] , one can determine all the Levi-Civita connection 1-forms and hence the Ricci curvature tensor from the generalized Cartan structure equations in terms of vielbeins.
The Ricci scalar curvature R 6 = η EG η F H R EF GH and the generalized Hilbert-Einstein action are direct generalizations of the ordinary notions
where M P l is the Planck mass, the integration over the discrete dimension can be replaced by the trace. In this paper we will use the following generalizations of det|g| in 5D and 6D det|G = T r 6 (det|G|G 66 ) , det|G| = T r 5 (det|g|G 55 ).
(21) The dimension reduction is carried out to derive the 4D action from S HE (6) in two subsequent steps. In the first step, the 6D objects are reduced to the 5D ones as follows:
Without any loss of generality, the most general 6D vielbein coefficients are given as follows
where E 
the 6D Ricci scalar curvature is reduced to
In the second dimension reduction step, R 5 and L g (5) are reduced to 4D terms. The gravity sectors of w and v types are assumed to be the same
Let us follow Ref. [6] to specialize with the following ansatz
where λ i , i = 1, ..., 8 are 3 × 3 GellMann matrices, C i µ (x) are SU (3) gauge fields. The mass parameter M and the constants α, β will be determined later.
The metric of this vielbein is determined as follows
Following Ref. [6] , we can reduce R 5 to the following SU (3) gauge invariant form
So, the 5D gravity sector of S HE (6) is reduced to the following action of QCD coupled to 4D gravity
The model has three free parameters m 2 , M and θ S . However, as we will see later, M and θ S are determined when we couple gravity to the chiral spinors. Now we can follow Connes-Lott [2] to reduce the 5D gauge Lagrangian L g (5) to a 4D one. For our purpose, we do not consider the w-type gauge fields and choose the v-type ones A v M as follows
The physical electroweak gauge vector fields 
where 1 and σ i are 2 × 2 unit and Pauli matrices with the indices α, β = 1, 2.
The 5D v-type gauge sector of the 6D Hilbert-Einstein action (20) now is reduced to the 4D electroweak action as follows
In order to have the correct factors for the kinetic terms of gauge vectors and Higgs field in the reduced HilbertEinstein action, we must have the following relations between the parameters
At this point, we have successfully derived all the interaction and Higgs fields as components of the generalized gravity in the noncommutative spacetime M 4 × Z 2 × Z 2 . We can choose to couple all interactions and Higgs fields to the chiral spinors in 4D manually as done in Ref. [7] . Our model postulate two types v and w of chiral spinors. The v-type spinors are the usual quark-lepton fields. We can speculate different scenarios, when the w-type spinors couple to the gauge fields. In one scenario, it might might be a candidate of the dark matter, which do not interact with electroweak interactions.
The Dirac's Lagrangian for spinorsψ(γ µ ∂ µ + m)ψ is generalized as follows
Let us reduce the action S(Ψ v ) to the following 4D action
In order to obtain the correct Dirac Lagrangian we assume
which simplifies the relations (46) to
So, the Lagrangian for the Higgs field is reduced to
Let us reduce further the 5D actions S 5 (Ψ v ) and S g (Ψ v ) as follows
In order to have to correct factors in the above expressions, one must have
In a more general form, our unified model has a finite physical field content consisting of four gravity, four Brans-Dicke scalars, eight gauge vectors and two complex Higgs doublets. We have just shown that all the known interactions and Higgs fields can be derived from the generalized Hilbert-Einstein action with specific choices of the physical fields in accordance to our current knowledge and observations in high energy physics. The minimal unified theory has four free parameters: the coupling constants g, g ′ , g S and the Planck mass M P l . The derived model contains SU (3) color gauge violation term (4/M 2 P l )C µ C µ and parity violation angle θ S = 3π/8. In this unified model, we can speculate that the new w-type chiral spinors do not couple to the electroweak interaction and Higgs fields. The w-type matter might still interact with the ordinary gravity and the gluon fields.
At the moment, we have no reason to assume that the gravitations are different for right and left-handed chiral quark-leptons. However, nothing prevent us from assuming that the gravity is different for the w-type matter, which implies the existence of massive gravity, which might have interesting implications in cosmology [9] .
There are still questions in our model to be addressed in the future research. The most important one is what is the energy scale, where the theory becomes valid. In particular, the relations between the coupling constants and the mass parameters must be discussed and explored with more detailed elaborations. The hyperfine structure of Dirac operator must be clarified to describe the mixing parameters and see-saw mechanism for neutrino in a more realistic model.
Our framework has a shortcoming from the mathematical point of view that different treatments of differential forms have been applied in the gauge and gravity sectors. After the manuscript is completed the new calculations have shown that it is possible to use the same wedge product for gravity and gauge theories in NCG, to imply essentially the same results. The additional obtained terms contain only derivatives of the Brans-Dicke scalars, which do not alter the conclusions of this article. The detailed discussions will be given in the subsequent paper [10] .
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